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Abstract. This paper consists of two main components. The first component

presents the Szemerédi Regularity Lemma and uses it to give a proof of the
Szemerédi theorem for arithmetic progressions of length 3. The second com-

ponent explores the Szemerédi Regularity Lemma in the context of 3-uniform

hypergraphs and then goes on to prove Szemerédi’s theorem for arithmetic
progressions of length 4.
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1. Introduction

The Szemered́i Regularity Lemma came about as a lemma to prove the conjec-
ture of Erdős and Turán that one can always find long arithmetic progressions in
sequences of integers of positive upper density. Ultimately it has been one of the
most important tools in graph theory. The main idea of the Regularity Lemma is
that every graph can be approximated by a random graph. Given any graph we can
partition the graph in such a way so that the partitions can be viewed as vertices
and the density between the partitions can be viewed as the probability of an edge
between the corresponding vertices. We can view the question of the existence of
an arithmetic progression of length 3 as a question about the existence of a triangle
in a graph. We use the Regularity Lemma to help us answer this question. In
a similar manner we can view the question of the existence of an arithmetic pro-
gression of length 4 as a question about the existence of a simplex in a 3-uniform
hypergraph. We use a hypergraph version of the Regularity Lemma to help us
answer this question. By modifiying the definition of regularity and the Szemerédi
Regularity Lemma to extend to k-uniform hypergraphs, this method works to prove
the existence of an arithmetic progression of length k. In this paper we go over the
proof for arithmetic progressions of length 3 and length 4.
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2. Szemerédi Regularity Lemma

Definition 2.1. (Density) Given a graph G with vertex set V and two disjoint
vertex sets A ⊂ V , B ⊂ V , the density of the (A,B)-pair, d(A,B), is defined as
follows:

d(A,B) = e(A,B)
|A|·|B|

Where e(A,B) is the number of edges between A and B, |A| is the number of ver-
tices in A, |B| is the number of vertices in B.

Definition 2.2. (ε-Regularity) Let ε > 0. Given a graph G with vertex set V and
two disjoint vertex sets A ⊂ V , B ⊂ V , the (A,B)-pair is ε-regular if ∀ X ⊂ A and
∀ Y ⊂ B we have that

(|X| > ε|A| and |Y | > ε|B|) =⇒ (|d(X,Y )− d(A,B)| < ε)

.

Theorem 2.3. (Szemerédi Regularity Lemma as stated in Komlós and Simonovits
Paper) For every ε > 0 and for every m > 0 there exist two integers M(ε,m) and
N(ε,m) with the following property: for every graph G with n ≥ N(ε,m) vertices
there is a partition of the vertex set into k + 1 classes

V = V0 + V1 + V2 + ...+ Vk

such that
(1) m ≤ k ≤M(ε,m)
(2) |V0| < εn
(3) |V1| = |V2| = ... = |Vk|
(4) all but at most εk2 of the pairs (Vi, Vj) are ε-regular.

Definition 2.4. Let G and H be graphs. A function φ : V (H) → V (G) is an
isomorphic embedding if (u, v) ∈ E(G) ⇐⇒ (φ(u), φ(v)) ∈ E(H)

Theorem 2.5. (Counting Lemma as stated in Gower’s Paper) For every α > 0
and every k there exists ε > 0 with the following property. Let V1, ..., Vk be sets
of vertices in a graph G, and suppose that for each pair (i,j) the pair (Vi, Vj) is
ε-regular with density dij. Let H be a graph with vertex set (x1, ..., xk), let vi ∈ Vi
be chosen independently and uniformly at random, and let φ be the map that takes
xi to vi for each i. Then the probability that φ is an isomorphic embedding differs
from

∏
xixj∈H dij

∏
xixj 6∈H(1− dij) by at most α.

3. Extension of Szemerédi Regularity Lemma to Arithmetic
Progressions of Length Three

Lemma 3.1. (Triangle Removal Lemma) For every constant a > 0 ∃c > 0 such
that if G is any graph with n vertices that contains at most cn3 triangles, then it
suffices to remove an2 edges from G to make it triangle free.

Proof. Choose ε > 0 and m > 0 such that ε + 1
m ≤

a
2 , the reason for this will be

clear deeper in the proof. By the regularity lemma there exists an ε-regular parti-
tion V1, ..., Vk, where m ≤ k. From this partition we remove the following edges:

(1) All edges between Vi, Vj if Vi, Vj is not an ε-regular pair
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(2) Edges within each Vi
(3) All edges between Vi, Vj if |e (Vi, Vj) ≤ a|Vi||Vj |

Now let us determine an upper bound on the number of edges we removed. For
(1), by the Regularity Lemma, there are at most εk2 irregular pairs. Notice that

for any Vi, |Vi| ≤ n
k . And so each Vi has at most

(n
k
2

)
edges, so at most n2

k2 edges.

Thus we remove no more than
(
εk2
) (

n2

k2

)
= εn2 edges.

For (2) we remove at most k
(
n2

k2

)
≤ n2

k edges. Notice that this number could

be very large indeed if k is too small. Fortunately, the Regularity Lemma allows
us to put an arbitrarily large lower bound on the value of k by choosing m.

For (3) There are
(
k
2

)
total pairs and |Vi||Vj | ≤ n2

k2 . Thus we remove no more

than
(
k
2

)
a
(
n2

k2

)
< an2

2 edges.

Putting this all together we get that in total the number of edges removed is

bounded above by
(
εn2 + n2

k + 1
2an

2
)

=
(
ε+ 1

k + a
2

)
n2. Now since we chose

ε + 1
m ≤

a
2 it follows that the total number of edges removed is bounded above

by an2.

Let G
′

be our graph after removing these edges. Then if there is a triangle
(x, y, z) ∈ G′

we have that (x, y, z) ∈ Vi × Vj × Vk (where the i, j, k are distinct).
Furthermore we must have that (Vi, Vj), (Vi, Vk), and (Vj , Vk) are all ε-regular
pairs with greater than a|Vi||Vj | edges between them. Thus for each of the pairs

dij =
e(|Vi||Vj |
|Vi||Vj | ≥ a.

By the counting lemma we can claim that the expected number of triangles is

(a3)|Vi||Vj ||Vk| ≥ a3
(
n
2k

)3
(we use the fact that |Vi| ≥ n

2k here). Therefore there

are more than a3

(2k)3n
3 triangles present in G. Thus choose c < a3

(2k)3 to obtain a

contradiction (we assume G has fewer than cn3 triangles). Therfore no (x, y, z) can

be in G
′
, so G

′
is triangle free. �

Lemma 3.2. For every δ > 0 there is an N such that ∀ A ⊆ N × N such that
|A| ≥ δN2, ∃ (x, y), (x+ d, y), (x, y + d) ∈ A where d 6= 0.

Proof. Choose N large enough. The criterion for large enough will be addressed
later on in the remark that follows. Now let A ⊆ N × N such that |A| ≥ δN2.
Based on A we construct a graph G as follows:

For each a ∈ {1, ..., 2N} construct 3 vertices vxa, vya, v(x+y)a

The edges will be constructed as follows:
If (a, b) ∈ A then (vxa, vyb) ∈ E(G)
If (a, c− a) ∈ A then (vxa, v(x+y)c) ∈ E(G)
If (c− b, b) ∈ A then (vyb, v(x+y)c) ∈ E(G)

Then notice the only triangles contained in G are of the form below:
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Let d = c−b−a, for a triangle of the above form in G we have that (a, b), (a, d+
b), (d+ a, b) ∈ A. Thus we must show there exists a triangle in G that corresponds
to some d 6= 0. Suppose not. Then the only triangles in G are those for which d=0,
i.e.

For every (a, b) ∈ A clearly vxa, vyb ∈ G by our construction. Since a+ b ≤ 2N
we are assured that v(x+y)(a+b) exists. Thus for every (a, b) ∈ A there is a triangle
of the above form. Thus the number of triangles in G is exactly |A|. Using the
fact that δN2 ≤ |A| ≤ N2 we apply the triangle removal lemma. Let a < 1

62 δ.
The choice of c is trivial and does not depend on a, so let c = 1. Then G contains
at most cn3 = (6N)3 triangles. Thus by the triangle removal lemma it suffices to
remove a(6N)2 edges from G to make it triangle free.
Notice that no two triangles in A share an edge. Thus removing an edge from G
removes no more than one triangle. Then one must remove exactly |A| edges to
make G triangle free. However, from the lemma above a(6N)2 < δN2 < |A| and so
we obtain a contradiction. Therefore there must be a triangle in G that corresponds
to some d 6= 0. �

Remark 3.3. (Choice of N) In the proof above have that |G| = 6N and we use
the triangle removal lemma to pick a < 1

62 δ. From the triangle removal lemma we
use the Szemerédi Regularity Lemma and require that ε and m be chosen so that
ε + 1

m < a
2 so ε + 1

m < 1
2·62 δ. Then from the Regularity Lemma we get an integer

N(ε,m) so that if G has ≥ N(ε,m) vertices the statement of the lemma is true for
G and so the statement of the triangle removal lemma is true for G. So in short we
need that 6N ≥ N(ε,m) where ε+ 1

m < 1
2·62 δ.

Remark 3.4. From the lemma above and the proof it seems that it may be possible
to make similar claims about the structure of A with different operations- is there
anything special about addition? For instance suppose we have the following:
Potential Lemma: For every δ > 0 there is an N such that ∀ A ⊆ N ×N such
that |A| ≥ δN2, ∃ (x, y), (xd, y), (x, yd) ∈ A where d 6= 1.
Now suppose we go about proving this in the same manner as we proved Lemma
3.2. We construct a graph G in the same way as we did before except we replace
subtraction with division. So for a given a we construct 3 vertices vxa, vya, vxya.



SZEMERÉDI REGULARITY LEMMA AND ARITHMETIC PROGRESSIONS 5

We construct the edges as follows:
If (a, b) ∈ A then (vxa, vyb) ∈ E(G)
If (a, c/a) ∈ A then (vxa, v(xy)c) ∈ E(G)
If (c/b, b) ∈ A then (vyb, v(xy)c) ∈ E(G)

We set d = c/ab so that if there is a triangle in G then (a, b), (a, c/a), (c/b, b) ∈ A
so (a, b), (a, db), (da, b) ∈ A. We want to construct this graph so that if the only
triangles in G are those for which d = 1 then there are precisely |A| triangles. To
be able to make this claim we need that for every (a, b) ∈ A, v(xy)ab exists in G.

Thus we need to construct N2 vertices for G since the largest value ab can take on
is N2. So n = |G| = N2. But now we have a problem because the triangle removal
lemma gives us no contradiction- it tells us that ∀a we can remove no more than
aN4 edges to make G triangle free. But |A| < aN4 (a cannot depend on N) so this
is trivially true.
From this exploration we can see that there is indeed something special about
addition. There is a relationship between the size of the graph with the feature we
are trying to find (i.e. a triangle) and the density of the corresponding feature in
our set A when A is as large as possible (N2). When we switch to multidplication,
this density goes down so much that we are no longer able to use the idea.

Corollary 3.5. For every δ > 0 there is an N such that any subset A ⊆ {1, ..., N}
of size at least δN contains an arithmetic progression of length 3.

Proof. Choose N large enough (the choice will be clear later on). Given A such
that |A| ≥ δN let B =

{
(x, y)

∣∣x+ 2y ∈ A
}

. Now we must determine the size of B.
For each a ∈ A there are ba2 c xy-pairs such that x + 2y = a. Thus |B| =

∑
a∈A
ba2 c.

In this way the size of B depends not only on the number of elements of A but the
elements themselves. The smallest B could be is when A is the set {1, ...., dδNe}.
In this case

|B| =
dδNe∑
i=1

b i2c ≥
b dδNe

2 c∑
i=1

2i > 2

δN
3∑
i=1

i = 2

(
( δN3 +1) δN3

2

)
> δ2N2

32

So let δ′ = δ
3 . From lemma 3.2 we can pick an N based on this δ′ so that |B| ≥ δ′N2

implies there exists a d 6= 0 such that (x, y), (x + d, y), (x, y + d) ∈ B for some x
and y. From this we get that x+ 2y, x+d+ 2y, and x+ 2y+ 2d form an arithmetic
progression in A.

�

4. Hypergraph Version of Szemerédi Regularity Lemma

We assume the reader is familiar with the definition of a 3-hypergraph. In the
analogy of a graph to a hypergraph, the vertices stay the same and the edges be-
come triples (i.e. (x, y, z) for x, y, z ∈ V (G). newline

Definition 4.1. (Simplex) A simplex of a 3-hypergraph is a set of 4 triples: (x,y,z),
(x,y,w), (x,z,w), (y,z,w). (This the analogous to a triangle in a graph).

Definition 4.2. (Quadripartite 3-Hypergraph) A quadripartite 3-hypergraph is a
3-hypergraph, H, such that one can find a partition of H’s vertex set: X1, X2, X3, X4
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such that there are no triples within each Xi.

Definition 4.3. (Induced Subhypergraph) Given a quadripartite 3-hypergraph, H,
with vertex sets X1, X2, X3, X4, let Ai ⊂ Xi. Let G(Ai, Aj) be a random bipartite
graph on Ai and Aj (G is not a hypergraph!). For 1 ≤ i < j < k ≤ 4 let Gijk be the
tripartite subgraph formed by the union of G(Ai, Aj), G(Ai, Ak), and G(Aj , Ak).
From this tripartite subgraph construct a 3-hypergraph Hijk, where (x, y, z) is a
triple in H ⇐⇒ x, y, z form a triangle in G. Hijk is an induced subhypergraph of H.

Definition 4.4. (Expected Simplex Density) Given a quadripartite 3-hypergraph,
H, let Ai ⊂ Xi. For 1 ≤ i < j < k ≤ 4 construct Hijk as above. Let G = ∪ijkHijk.
Let δi be such that |Ai| = δi|Xi|. Let δij = |G(Ai, Aj)|/|Ai||Aj |. Where |G(Ai, Aj)|
denotes the number of edges in the random bipartite graph on Ai and Aj . Let δijk
be the relative density of H inside of Hijk (i.e. the number of triples in Hijk that
are present in H divided by the total number of triples in Hijk). The expected
simplex denisty of H in G is the product of all the δi, δij , and δijks.

Remark 4.5. The proof is omitted. However, this is where the Szemerédi Regular-
ity Lemma plays a key role. The concept of regularity is redefined in the case of
hypergraphs to a concept of ”quasirandomness”. The concept will not be discussed
in this paper. The most important feature is that the redefined concept still allows
us to make a claim about the existence of a decomposition of a hypergraph such
that the components satisfy a kind of regularity. Recall the Counting Lemma- using
the regularity lemma we were able to, in some sense, view the regular partitions as
vertices and the density between the partitions as probability of an edge between
the vertices. This allowed us to calculate the expected number of various features
of the graph (the expected number of triangles was used in the proof of the triangle
removal lemma). Similarly, in the hypergraph case, we define regularity in such a
way that our decomposition allows us to view the density between the components
as probability. Thus we are able to calculate the expected number of various fea-
tures of the hypergraph- most importantly, we are able to calculate the expected
simplex density.

Lemma 4.6. (Expected Simplex Density Lemma) Let ε > 0 and let H be a quadri-
partite graph with vertex sets X1, X2, X3, X4. Let Ni = |Xi|. It is possible to 1)
remove fewer than ε|H(Xi, Xj , Xk)| triples of H(Xi, Xj , Xk) for each i, j, k com-
bination and 2) find a decomposition of the complete quadripartite graph K =
K(X1, X2, X3, X4) such that the following is satisfied: Let n denote the maximum
number of partitions among all the Xis in the decomposition of K and let m be the
number of bipartite graphs in any of the complete bipartite graphs between the Xi.
Let H ′ denote the hypergraph H after the edges have been removed. Now each Xi is
partitioned into at most n new vertex sets, denote them as Xi1, ..., Xin. Recall how
we constructed Hijk for each i, j, k combination in defining the expected simplex
density. We do this again, except this time we construct it between each of the par-
titioned vertex sets- for instance we could construct Hi1,j4,k5 (if n > 5). Let G be
the union of all of these induced subhypergraphs. Let σ denote the expected simplex
density of H ′ in G. Then we have that either σ = 0 or σ ≥ (ε/8n)4(ε/48m)6(ε/8)4



SZEMERÉDI REGULARITY LEMMA AND ARITHMETIC PROGRESSIONS 7

and furthermore the number of simplices in H ′ in G differs from σN1N2N3N4 by
no more than εσN1N2N3N4.

The proof is omitted.

Theorem 4.7. For every a > 0 there exists c > 0 with the following property. Let
H be any quadripartite hypergraph H with vertex sets X1, X2, X3, and X4 where
the size of Xi is Ni. If H has ≤ cN1N2N3N4 simplices then it is possible to
remove fewer than aNiNjNk triples from each of the four induced subhypergraphs
H(Xi, Xj , Xk) so that H becomes simplex-free.

Proof. The proof of this theorem follows closely to the proof given in the non-
hypergraph case. Apply the Expected Simplex Density Lemma for ε = a. Construct
H ′ as described in the lemma. Now suppose H ′ contains a simplex. Let G be
as described in the lemma. The expected simplex density σ is greater than 0
because each tripartite part of G contains an edge of H ′ (not actually sure why
this part is true). Then we conclude that σ ≥ (ε/8n)4(ε/48m)6(ε/8)4 where n
and m are parameters that depend on ε. Pick c < (ε/8n)4(ε/48m)6(ε/8)4 to get a
contradiction.

�

Theorem 4.8. For every δ > 0 there is an N such that ∀ A ⊆ N × N × N such
that |A| ≥ δN3, ∃(x, y, z), (x+ d, y, z), (x, y + d, z), (x, y, z + d) ∈ A where d 6= 0

Proof. Choose N large enough. Let A ⊆ N ×N ×N such that |A| ≥ δN3. Based
on A we construct a quadripartite 3-hypergraph H with vertex sets X,Y,Z, and W
as follows:
For each a ∈ {1, ..., 3N} construct 4 vertices vxa ∈ X, vya ∈ Y, vza ∈ Z, vwa ∈W
The triples will be constructed as follows:
If (a, b, c) ∈ A then (vxa, vyb, vzc) is a triple in H (note this is between X × Y × Z)
If (a, b, e− a− b) ∈ A then (vxa, vyb, vwe) is a triple in H (between X × Y ×W )
If (e− b− c, b, c) ∈ A then (vwe, vyb, vzc is a triple in H (between W × Y × Z)
If (a, e− a− c, c) ∈ A then (vxa, vwe, vzc is a triple in H (between X ×W × Z)

Now suppose there is a simplex in H. Then it must be of the form (a, b, c), (a, b, e−
a− b), (e− b− c, b, c), (a, e− a− c, c) for some choice of a, b, c, e ∈ {1, ..., 3N}. This
implies that (a, b, c), (a, b, e − a − b), (e − b − c, b, c), (a, e − a − c, c) ∈ A. Let
d = e−a− b− c. Then we can rewrite the above points as (a, b, c), (a, b, c+ d), (a+
d, b, c), (a, b + d, c), (a, b + d, c). Thus we must show there exists a simplex in H
that corresponds to some d 6= −. Supposenot. Then the only simplices in H are
those for which d = 0 so e = a + b + c. Notice that for every (a, b, c) ∈ A we can
form this simplex since a + b + c ≤ 3N we are assured that vwe exists. Thus the
number of simplices in H is exactly |A|. Using the fact that δN3 ≤ |A| ≤ N3 we
apply the simplex removal lemma. Let a < 1

30δ. The choice of c is trivial and does

not depend on a, so let c = 1. Then since H certainly has ≤ (1)(3N)4 simplices
it is possible to remove fewer than a(3N)3 triples from each of the four induced
subhypergraphs so that H becomes simplex free. But notice that no two simplices
in A share a face (i.e. a triple). Thus removing a triple from H removes no more
than one simplex. Then one must remove exactly |A| triples to make H simplex
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free. However, a(3N)3 < δN3 < |A| and so we obtain a contradiction. Therefore
there must be simplex in H that corresponds to some d 6= 0.

�

Corollary 4.9. For every δ > 0 there is an N such that any subset A ⊆ {1, ..., N}
of size at least δN contains an arithmetic progression of length 4.

Proof. Choose N large enough. Given A such that |A| ≥ δN let

B =
{

(x, y, z)
∣∣∣x+ 2y + 3z ∈ A

}
Although in this case it was more complicated a similar method can be done as
was done in the previous section to show that |B| ≥ δ′N3. Based on this δ′ we pick
on N so that by the theorem above there exists a d 6= 0 such that (x, y, z), (x +
d, y, z), (x, y + d, z), (x, y, z + d) ∈ B. From this we get that x + 2y + 3z, x + d +
2y+ 3z, x+ 2y+ 2d+ 3z, x+ 2y+ 3d+ 3z form an arithmetic progression of length
4 in A.

�
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